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SECTION 4. PRELIMINARY SOMA EXPERIMENTATION SoMA·EXp·93-QO,

overall signal-to-noise ratio for each of the signals, the phones were all muted during the last
interval.

In the upper plot, the power from a single element representing the output of a conven­
tional base station is shown. When there is only one phone on the air (the first four i msec
intervals), clean signals are received (recall AMPS FM signals are constant power waveforms).
The single element SNRs range from 13 dB to 28 dB; the carrier-to-interference ratios (ells)
(or signal-to-interference-plus-noise ratios - SINRs) range from -3 dB to -20 dB. During
the interval in which all four phones were transmitting on the same frequency at the same
time (the fifth interval), cochannel interference prevented successful re~~ption of any of the
signals. The received signal during that interval is no longer has constant-amplitude. Finally,
the -102 dB rela.tive noise floor in each element is manifest in the last Tinsec interval.". <..

In the lower figure, the four outputs of the SOMA spatial d~Diulijplexer are overlayed.
Note that the noise floor has decreased by approximately 9 d~:to...711tdB relative as pre­
dicted theoretica.lly. Furthermore, as is clear from compa.r:i~.:~:: ~tputs during the fifth
interval with each of the associated outputs in each of tbc:W-:::::t6tir intervals, the output
SINRs for each of the demultiplexer outputs exceed. th«:J~b.al input signal SNRs by
9 dB. As predicted, the inierference from the other t~:;~! has been removed from each
of the spatial demultiplexer outputs and gain against::~round noise has been achieved as
well. The maximum processing gain was achievesl.:f.,,:Ji~ signal at 100° (interval 3) where
a -20 dB processor input SINR was increased toHt22~ on output, an increase in excess of
40 dB. • .::::(:\?· ...• ::;:.(H

4.5.3 SDMA Spatial MUltiPlexin~::a1Transmission

To demonstrate the ability of SDMA:::~~oIOC" to directively transmit to specific users,
several experiments were conducted..~,:!he first experiment, a single phone was placed on
the air. The unit was tracked by t~.QMA processor, and the signal transmitted from the
base station was focused by the ..:.~:::::spatial multiplexer toward the phone. An antenna
and RF spectrum analyzer ~::.to measure the SOMA base station transmitted power
at the associated transmit fre6#.iity as a function of angle at the same range and height as
the phone.:(:::,:::t:,;:~;::q:::

The results are sh9.!fa ilt__ upper plot in Figure 4-5. The transmitted power is clearly
focused in the~~hemobile unit wbile the total trlDl.mitted power in all other
directions is supp e minimum pouible with the a.utenna array employed. Note that
the 3 dB width of lobe is approximately 14° u predicted by theory for an 8-element
array with >./2 i::~acing steered to 0° from broadside. This clearly demonstrates the
ability of the 8>~p'rocessorto direct a specific amount of enerlY a.t an intended target and
simultaneo~"uce the total amount of RF energy transmitted to the practical minimum.

Tofw;~hEt~4einonstrate the a.bility of SDMA technology to directive1y transmit to selected
users, tiP.:~hoIles were placed on the air. The units were tracked by the SOMA processor, and
the signlil,. transmitted from the base station were focused by the SDMA spatial multiplexer
toward the intended phones. Again, an antenna and RF spectrum analyzer were used to
measure the SOMA base station transmitted power at the associated transmit frequency as
a function of angle at the same range and height as the phones. The signal transmitted to
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Figure 4-4: SOMA Signal Quality and Capacity Improvement over
Conventional Single Antenna Systems - Test 1
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SECTION 5. SUMMARY AND CONCLUSIONS SOMA·EXp·93-001

the unit at 100° was temporarily muted so that measurements of the directivity pattern of
the signal transmitted to the phone at 80° could be made.

The results are shown in the lower plot in Figure 4-5. The transmitted power is clearly
focused in the direction of the mobile unit at 80° while transmission of that signal toward
the phone at 100° is suppressed, and the total power in all other directions is reduced to the
minimum possible with the antenna array employed. This clearly demonstrates the ability
of the SDMA processor to direct energy in specified directions to the exclusion of others.
A similar pattern was achieved for transmission to the phone at 100°, thus demonstrating
simultaneous transmission of different signals on the same frequency channel to users in
different directions. .....•. ...•.•.......•.

It is important to note that the user at 100° received essentially none ofthe RF transmis­
sion intended for the unit at 80°. \Vhile the user at 100° was being·tra.ci<,ed by the processor,
it is entirely possible to fix the direction of zero RF transmi.O:n. That is, it is possible
to directively transmit to mobile users while simultaneously:::~dt:::i~'liSmitting in particular
known directions so as not to interfere with the operatio~::9fi::_~~rsystemsattempting to
share the same frequency bands. This is extremely usef.·;·.t6t:~~ple, in coexisting with
other users in the same frequency band, an importantj.~~:l~lthe current PCS proceedings
before the FCC. Using SDMA technology, it is possi.~ substantially reduce the amount
of interference to microwave users without sufferiJ;l.8::::ltf.~;exclusionzones.

.<;={:=::::: /;:::.::::::::;:>

5. Summary and Conclusi@1;ts:}·
.-:;::::::~::

.dfif':;:·::;l .:::::\::
In summary, ArrayComm has succeiifl1y conducted initial on-air experiments of its

SDMA technology. While the experi~~p.tsdia: not involve any new modulation schemes (its
SOMA technology is modulation iD.!~ent), substantial increases in spectral efficiency
were achieved through intelligent uari::.~t=:antenna arrays. SDMA base station· transmit power
levels were substantially below t~:::dsed in current operational cellular systems during the
initial testing. Standard po~~t=::Jhits were kept at or near their lowest power settings
and attenuators were used.:::~~;;!iPulate longer range. The ability to increase coverage area
of SDMA base station~:::::(~P.jl eight-element antenna array) relative to conventional base
stations by a factor oi.{tnret.::::tb four was demonstrated. The ability to increase the capacity
of a cell by a factor ot~il*a.s also demonstrated; the theoretical maximum is one less than
the number of eleIU.·::·::::::::··

Experimenta!.;~t~jnation of achievable SDMA processing gain was performed. Pro­
cessing gain in.:~ibfTo10110 M was demonstrated. In addition, the ability to substantially
improve C/l::.~i~)ln interference limited systems such as the current AMPS cellular system
was demori~;:~t~a. This processing gain provides increased SOMA base station coverage
areas,~::~.indset powers, and higher data rates in digital transmission systems.

The':~§mty to substantially reduce RF pollution resulting from omnidirectional trans­
mission ~•.. currently employed in most wireless communication systems in existence today
was demonstrated. Through directional transmission, communication from the SOMA base
station to multiple portable units on the same frequency at the same time was achieved.
This also provides SOMA base stations the ability to selectively isolate particular directions
which are to be kept clear of RF transmissions in a particular frequency band. This allows
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SDMA base stations to coexist with other users in the same frequency band, an important
issue in the current pes proceedings before the FCC where incumbent microwave users are
concerned about interference from PCS operations.

The quantitative results contained herein demonstrate the ability of ArrayComm's SOMA
technology to substantially improve the quality and capacity of wireless conununication
systems in general. In addition, the video tape included with this filing cleadY-shows the
ability to perform all the necessary signal processing functions in real-ti~c.riS1andard
hardware available today. It is also important to note that while the i~ptq'eznents were
demonstrated using the AMPS analog format and mobile phones, SDMA~. not depend
upon the modulation format and does not require modification to t~~9-J;>i1e units. In
particular, SDMA will work equally well with digit&1 transmissioDi::syst~s such as IS-54,
GSM, DeS-1800, and 15-95 and can operate with fixed as weU'a,$\:q,9bi1e wireless units.
A particularly important application of this flexibility is in w~t~ 1~~&1 loop (or wireless
access) systems. .::h:..::\t~:::;::.;:::d::t

Future experimentation is expected to include longer r~:::.fiDg and in-building pene-
........ ..........~ ....

tration studies, along with inclusion of more sophisticat~:!f.:~g" and channel management
software. However, the tests conducted to date demoW!~l~:heefficacy of SDMA technol­
ogy. System development for particular applica.tions·.::.~tedto commence shortly.

There are obviously numerous applications fo~:.,::".~omm's SDMA technology &8 evi­
denced by the substantial interest expressed by nist rii-j~r companies domestic and. foreign
that have been exposed to the technology. Tl..\'p~ions include:

:;;:,ar (aoal~ and ~tal)'Q~\+
• air-to-ground'.)~#ll;::·:·::::j:t::.

• paging,£:::;::\:;;~::tt:::'

• wireless access to the .~~, and
.:::t::#:~:::;;:::l~t:

• satellite communiailioDl

:":'DO::=~~~:;"'::~=~:;:'~~~::=~~":i~~;~::::
more cost etIectiv~:\ei&J.~ communication systems with new services for the consumer.

('l1$
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APPENDIX A. SUMMARY Of SOMA VIDEO PRESENTATION

A. Summary of SDMA Video Presentation

SOMA·EXP·93-001

A video tape has been prepared (AC-SOMA-OOl / 31 July 1993) and submitted along
with this report. The 30-minute presentation includes:

1. a description of the experimental apparatus and the experiments tob~conducted,

2. a demonstration of SDMA processing gain providing increase4 c:&~~r-a!erange,

3. a demonstration of SOMA's real-time multiple cochannel~gfi~:~ra.Ckingcapability,
.. .

4. a demonstration of SOMA's spatial demultiplexing abili~~.:w:.th'multiplecochannel
;-;. ";';'"';'..;::::.,users, . ··::::::tt::., .. :~::;:::.,:,.: ..

5. a demonstration of SOMA's spatial multiPlexinglOt~~transmission abilities to
multiple cochannel mobile users, and :)/':::::: .. ::::\:::::=,

6. further demonstrations of the directional n~;:'i!i~OMA'S spatial multiplexer trans­
missions·"··:l:: .

:~:t~:::.::.;.....;.:;....:.::::
.;.:.;::::::-;.; '-:';';':':S'

Oetailed explanations of each of the ex~:.areprovided. In addition to visualizing
the experimental apparatus and proced~~::,i.lved, the ability to substantially increase
signal quality and capacity is aurally evfWiin the sound track.

The experiments conducted by ArrayCaihm and documented in the video presentation
are unique. Full-duplex communicat~::.between multiple mobile units and a single base
station on the same frequency at t~:~~e:<timehave not been documented elsewhere. While
the ability to establish bi-directi~~:toChannelcommunication links with mobile units may
be counterintuitive to most, it .;i,g,(;§t:·assuredly possible as is demonstrated in the 30-minute
video presentation. :.:.:?:::::::

;:;);t::::;-::::.. ".

The information ~t__:::~n the video tape proTJided herewith is the property of Array­
Comm and may not' d4ibuted to anyone without the ezpress written consent of Array­
Comm, Inc.·:·::t:~::::::t::/;::··
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B. Summary of Initial SDMA Experiments

Initial experimentation involving ArrayComm's patented and proprietary SDMA tech­
nology has been successfully completed. During the course of these low-power tests, the
ability to provide substantial signal quality and capacity improvement through array signal
processing has been demonstrated.

In the first series of tests, a highly attenuated (20 dB) cellular phone was set to its lowest
power setting (8 dBm) and tuned to 825.24 MHz. An average sisnal quality improvement
(SDMA processing gain) of slightly more than 9 dB was achieved with the 8-antenna ex­
perimental system, consistent with the minimum theoretical improvement of 9.03 dB. This
quality improvement more than doubled the effective range of the SDMA system over that
of conventional systems in suburban and rural RF environments. In ground level occluded
experiments (where the propacation loss exponent exceeded 8), the range improvement was
correspondingly decreased, however the SDMA P~1lI gain was unchanged.

To demonstrate capacity improvement, three (3) standard cellular phones were all tuned
to the same frequency (825.24 MHz) and set to their lowest power level. The SDMA bue
station transponded the necessary SAT tone to keep the phones active. Users were given
phones and were sent in to the active area. of the cell. While in motion, they were successfully
tracked in real-time, and three (3) simultaneous conversations were carried out without
crosstalk to three (3) independent users stationed at the base station (no attempt to connect
to the PSTN was made). This clearly demonstrated the ability of the SDMA prototype to
triple the capacity of a single cell.

The ability of SDMA technology to mitigate the pes coexistence problem with incumbent
microwave users was also demonstrated. Using spatially selective transmission from SDMA's
spatial multiplexers, the ability to ensure that current users of the band (e.g., 1.8 GHz) would
not be interfered with by SOMA base station transmissions was demonstrated. Coupled with
SDMA's directional reception characteristics, handset powers C&Il be substantially lowered,
thus lowering the interference levels to the microwave uers from the portable units as well.
Thus, without altering handsets, SDMA technology demonstrably reduces the potential for
interference to incumbent users from both base stations and handsets.

The initial experimentation was performed using ArrayComm's SDMA-1 prototype
AMPS system. While the improvements were demonstrated using the AMPS analog for­
mat, SDMA does not depend on the particular modulation format. In particular, SDMA
functions equally well with digital transmission syatema such as IS-54, GSM, and IS-95 and
can significantly enhance the quality and capacity of these systems.

The contents of this appendiz aTe approved for public release by ArroyComm, Inc.
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array covariance functioD beyond the few measured
lap. ..1ec:tull that eurapolation for which the entropy
of tbe sipa! is ID&l!imized. The Surl technique glv~

lcod resolution but sutrers frortl parameter bIas and the
placnomenon rei~"'!ed to as line sphulnl wherein a sm­
ale lOutCC awuiescs itMIf as a pllr of closely spaced
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to die miImodelial iMennt in this method.

A dit1'erent IppfOICh aimed at provldinl increased
10 1*''''''' resoluUoft was introduced by Capon (J, Ca-

BACKOROUND OF THE INVENTION Hip. resoluUon frequency wave number spectrum
The jayentioft~ in dtis patat appiication hoc. IEEE. 57: 1408-1.11. 1969). His approach

rei.... to the probNIa of....lion of Co.....t panme. wu to find a weiJht vector for combinm, the outputs
ters of IIlu!Ciple II..... ,..". by IA array of IIIIIOrs in of all the MIIIOr e1cIDeDcs tbat mUlImiza output power
the~ of addiciw 'There are lI\IAy physical 15 f'or.-ch look direction while aWnt&iniol I unlt reo
probI_ of this tYIM iac1 cbnction ftAdinl (DF) ... to Ii.... U'rivUl, from this direction. Capon's
wlMreia the .... ,.,._en of inw.t we the direc· ~ ... cWfic1IIcy ill lIluhipath envlronmentS and
tioftl~f·aniva! (OOA.·s) of wayefronu impinliD. on an 0«.. oll1y liaIited improyemenu in resolution.
antenna array (cf. FlG. 1). and hatmonic Malysis in A MW ....... 0( IMlbocls were incroduc:ed by Plsa-
wbich the~ 0( _All are the tnIpOraJ fre· :%0 rento (\I. F. Piaamako. 'The retneva! of harmonics
queacies of sinUlOidl CQIICIljMd in a sipal (waveform) frca a covariMce fuction. G«JpIt.•-s. J. Ro,.1 All1Ol10""
which is known to .......0Ied of I sum of mUlti!,le ., Soc.. 33:347-366. 1913) (or I somewhat restncted
SlftIllOids and possibly IdlIiUy. aaeuureIDClu nOISC. In r-1IIIIIIioIl of tbe PfOb.... These methods exploit the
most situations. tM .......... cllarlctmzed by scveral ~sate 0( the ,",ay covariance lMUU. Schmidt
unkAoWII patameten aU of which need to be estimated :, .... iaqIonaftt~ of Pisarento's ideas to
simuluneoualy (e.,.• azia4IdW lllile• elevacion an,le arbitrary array/wavef'rocn lecmetnes and sollrce corre.
and cempotaJ frequacy) MIl chi. lads co a multidunen· latio8s ift his PlLD. thesis tit1ed A Si,,,ol SII~' Ap-
sioDal par.....e' .c...... proOlelD. ''OtIclt to .Wullipi, Em;"" LocottOff a"d Sp«1",,1 Esttma.

Hi,h r_ucian ,.,....,. atiaacion is important in 30 (/0". Standford University. 1911. Schmidt's MUltiple
many IPJNjcationt inchldin. eJeccro/Ulnetic and 51'" C1MIitlcacion (MUSIC) ai.orithm correctly
acousuc MftJOr sy_ (..... radar. sonar. electronic IDOdeIld the Wl4erlyin, problem and therefore lener-
surveiUuce syscalS. Md rIGio astronomy). vibration 11M ..,..;or ..limat.. In the Ide21 situation where
analysis. medical i....... ,eophyslCs. well.loUln,. ...........c noise is .bsent (or equlvaJcntly ""hen .£0
etc. In such a!'plicaciol& ICCwlCe estimates of the p••
rameten of unerest are .....uired with I minimum of 35 &eleOUlltof'meullrnMaUate.y..laole). ML'SrC
computation and st0rate requIrements. The value of euct lltimates of the parameters and also offers
any technlqlle for oOcaiNftJ parameter estimates IS infinite resolution in tbat multlpie SlpalS can be reo
strongly depencient upon the accuracy of the estimates. solved re,.rdless of the pro:\imlty of the sllnal parame'
The inYentlon <:Ieseri... heresn Yields &Ccllrate esti. ten. In the preenc:e of nollC a,nd where only a finlle
mates while overcomiq the practical difficultlCS en• .ao num.r o( tneaauremenu are I\·allaole. MliSIC eSli-
countered by pr_t such as tbe need for mates are very nearly unbialed and efficient. and .::ar.
detailed I pnori know of the ..nsor array .eame. resotye clOM'y spaced sipaJ parameters.
tl')' and element c~lCS. The technique also The MUSIC ai.Ot'ithm. often referred to as the elge~-
~ields ... dramatIC~ in the computational and stt\ICture ap!,roach. is currently the most promIsing
storale requirements. ~, hi,h relOlution parameter estimation method. Ho",·

The histor)' of em..... or silftll parameters can be IVet'. Mt:SIC and the earlier methods of Burg and
traced back at leut two certtunes to Gaspvcl Riche. Capon which are .pplicable to arbitran' sensor Jrr~~
Baron de Prony. (R. Proay. Eua1 expemnefttal et ana. conti.urations sutrer (rom certain shortcomIngs chac
lytiC. etc.L·£eM ,..,....IIifw. 1::4-~6. 119S) who w. have restricted their applicabdit)' In scveral problem,
Interested in fittinl _1'''linUIOIGs (exponentials) to SO Some of cheM are:
dau. In... in die " .....m Increased ra!,idly after Array Geometry and Calibrluon-A compiece char-
World Wit lid. 10 ita ...,lic.&IOns to the fut emerl- &Ctenzatlon of thcarra)' in tenns of the sensor ,earner r~

inl tcc......... 0( ,.,. SGft&f and sclsmololY Ov.r and element characteristics IS reqUired. In practice. (or
the Yea'I. • ........,. Md books addressing tlus complea arrays. this charactenzauon IS obtained b~ J

subject lIave been _ -.pec:t21I>· In the eOntut of ~~ senes of expenmencs Iutown as arta)' calibratIon :0

dIrection findi", in "'ve MftIOr arrays. determine the so called Irra)' maftlfold. The COSI 01

One of the earliesc afIIPrOIChes to the problem or array caJibratioft can be quice hilh and the procedure IS

dlrectlon findin, IS IIOW commonl)' referred to 1$ the SOfMtimft impracticaJ. Also. the UIOClated scorafe
convenuonal bclmrormillt tec:hnlC~ue. It uses " type or required (or the array manifold is :! mil words (m IS lh~

matched filtenn, to .....e spectral plotS whose peaks 60 n~ of SCftJOtI. I is the number of search (grId)
provide the paramctCr t!fCilMtes. In the presence of poiacs in each dimension. and. is the number of dlmen-
multiple sources. conyentional beam(ormin, can le.sd to sioes) aad can become lar,e ,\'en (or simple "ppllca·
si,nal supprCSllOft. poor r_l.IClon. and blued parame· tions. For eumple. a senIOr arra>' containtnl 20 elt:·
ter (OOA) estlmltes. meats. searchinl over a hem.er, with a I mllhrad

The first hllh resolution method to improve upon 6S rllO~tion in azimuth and elevlcion Ind usin, 16 bit
conventional beamfonnift. Wl.$ prnet'lted by Burg () P, WOlds (2 bytes uch) requires aP!'roX,lmately 100 mega·
Burl. Muimum entropy spectral analysis. In P'OClttJ· bytes ohtor.,el This number increases exponentially as
'"1s oflhl 37th .... ""uol /""'''.'10''111 SEC ,W"""I, Okl.. anUlher search dimension such as temporal frequenc\ ,s
homa CIty. Okla,. 1967). He proposed to extrapolate the included. Furthermore. in certain applications the arr~~

I ~



fI-t--

4,965,732
4

IIICI1t vector wlule the second .roup would share a
c~ -.,oral disp-..nent. In ,acral. (or each
additioMl type of parameter to be estiluMd. a sensor
Jr'Out' sarin, a cOlllJDOn c1isplacement is proVlded.
FlU"CItet-.ore, tbe nWDber of sensor pa&tS III each ,roup
lDUIt be lDOI'e thaa the Dumber of sources wbose paramo
ecen .. to be .....ted.

HaWtc proYidld aD amy ofseuors wbich -.cs the
speciftca&ioal outliDed abov.. sipals (rom this array of
sensor peirs are then processed III order to obtain the
p...-- IIliIDates of incerest. The procedure for ob·
taiIiItt dIle parameter ....i··.. iJ:l ac:cordan" with one
au I ' eaplo)'in, IIaIIdard Ialt-squares estima·
tioIl ~_ may be oucliMd &I follows:
I. U'" die aTlY 111."__ from Ipoup of sensor

pIin, cIIterasine eM IIdO-COvariaDce -na R.... oj
eM X lUllu'ray in the '"*"_ the croa-covariance
IIIMIU I.., betweea cbe X aad Y subarrays in the
poup.

2. 0....,.... the ..u- IipDvalue of the covariance
-.u Il.u aDd tJMn IIIIMnc:c ic out from eacb of the
e....... OD thep~ diaIoaaI of Il.... The results
of dI. suIKrIccioa are Nferred to hereitlatcer as C.....

3. Neill. die paeraIiucI _..val... (OE's) ')'1 of the
lDMria pU C.. R." are cIecenIWIed. A nWllber c1 oj
the OE's win lie on or ..., the lIIlit circl. and the
remaiaina llOiIe GI·I will lit at or near eIle oli-
p. The or oa·1 on or .... t1M lIIlit circle

JO ~i_ dae n of IOlIfCCI. &lid their anpes are
the ,.... dift'eretlCeI by che ..... doublets In

the "., (or acb of che wavefrona iJDpiftpnl on
the anay. TheIe phale clifl'ereftCes are directly relaled

Jj co dae clinctiofta or arrival.
4. The procICIure is chee ter*ced (or each o( the

lrou,.. thern)' obUi8I& the estinaates (or all the
ptlI"IIIIefIII of iJ:lter.... (e.•. azimutb. elevation. tern·
potaJ (requeacy).

~ 'T"h-. eM number of sounes and the parameters 01
eaclllOlllCC are the primary quantities determined.

[n anodIcr emOodilDlftt of the invention. die process·
in, or ...... IIIaI&lrecnea.. frolll the two subarrays to
....y1M number or IOUI'CCI aad estimate parameters
thereof utilizes a tocal laa·squares aunaation tech·
n!CIue. T'he tow leut-squares al,onellm represenls .1n
itftprovftlCftt and simplirlcatioft of the leut squares

a'.......
ESPfIUT can be funher eJitended to the proOlem of

d.t...... the array ..-u'Y a postenon, i.e.• obtain'
iftl __of the MIIIOt' locations Jiven the measure·
IlIaCI. Source powen and optimum wei,ht vectors for
solv., the si,nal copy problem. a problem involVing
....i..uoa or the Ii.... NCeived (rom the sources one
.t a time eluaiuUn, aJJ otlMrs. can also be estllDated In
a straitblforward manner II follows:
I. The opUmlllft w.1IK vector for si,nal copy for the

it. Ii.... is ehe pncraJiIed eipnvector (0V) e, corre·
spoMiItt to the i'" OE ')'1•

2. For the cue whn the lOur", are uncorrelated. the
diNcUoII vector I; for the i'" wavefront is liven by
Il.,e;. With t..... cIitectioft vecton in hand. the array
...-etry can be estimated by solvinl a set of line.1r
equauons.

3. U*" die direction vecton ai. the si.nal powers can
aIIo be atimated by solvin, a set of linear equations
T1w inveation and objects and features thereof w1l1 be

more ....i1y apparent from the (0110win, example and
a~pended claims.

3
,OOlllCtrY may be slowly CbM", such u in lilht
weilbt spaceOorDe aacau~ SOftoOuoy and
towed arrays used in SOI'&ar ICC•• aad a complete chane·
tenzauon o( the array is never avlilable.

Compucauon.a.l z..o.d-Ia the-prior awdlodl of Bur,.
Capon. SchmJdt aDd ocben. the coaapucatioaal
burden ties in I...... a plot whoM peaks
COrTespond to the~.1 f.1 For .....pl..
the number o( operations reqllind in the MUSIC 1110­
ntbm in order to co.pUle the _lire specmaa. is apo 10
proA:lal&Cely 4 III~II. Aa 0,.,_ iI IMnia co.sidered
to be a flOMiDI point .111.I' i a. Md aD addicion. In
the euaple above. die ..... ol.,ii1icma aeeded is
.ppro.....l)' .. X 10' wIIidl iI prallilliciye for IIlOtt

applicacioM. A powerfW 10 NIP (10 IIiIIien floa_, I'
point inlCnctioGa per ....-d) •••bill about 7
aailtu.. to pedorm~ c:a.ptI Monoyer. the
coaapuWion req.w- trOWS .,'.'AliIIIly with
dimeftlioD of the pIIMa" ...... Al......llin' the
dUneaaiOD of the "...., ftmIIer would make 20
sucb pcWIeaas COIIfPletely ..
The tecluaiq_ d-=riIIed ill re(tlTed to
u Eatimacion or Sipal .. • lI.n .. RCMltionl1
Invariance Tecluliq_ (ISPItIT). ISPIlIT obviates
the need for array~.. tin IMllly reduces 2'
the computational I'q_ a or previous .p-
proaches. Funbenaon. die amy Told is not
required, the scorqe requinmeaa liminated alto-
,ether.

SUMMARYOFTHI!I~ON

ESPIlIT is an tiw fc:tt ..... reception
and source _Me" pIII.'es most
of th4t cHlinbJe fae_ of priIr .....~ tech-
niques while realizin. 11111 ia eotnputa-
tion and elimination or Th, basic
properties o( eM invention lIIay be sUlllftW'iud as fol­
lows:

1. ESPJUT details a 1ICW of lipal reception
for source parameter lot plMar wavefronts.

:!. The method yWldlli ,.,....., atiaaaces with-
out requirift, kaowled.. or _ array ,eonaetry and
sensor element challcterilCicl. rill. eblftiMtift, the need
for sentor array calibratioa.

l ESPR.IT provides rullle._ NdlilCUon in comp"- .5
tatlon and eJiminahon or~~cs over
pnor techniques. Refetrial co die previous .umple.
ESPRIT requires Oftly 4)( 10' co.p..." compared
to 4 X 10' compucariofts ,....,.. by prior 1IICtMds. and
reduces the time required ff'Olll , "'tes co uDder 4 '0
milliseeondl.F~. tile 100 lIMpb)'tes of stor·1'_ requind is~, .........

4. A funan 01 die • ..,... is the .. or an array of
selllOr pIllS or (.. synoaymously hereln)
.....here the seftIOI'I ,. "'tical and each 55
,roup of pairs hal aC~ nt VICtor.

Bnefly. in accordance wids ift\'C'Miaft, an arTay of
Slpal sensor pain is provided ill whiell Itou" of sensor
paIn have I unlform relMi"e c&iIpIIlcelnelu vector
.....Itma each Iroup. but the dilpl8calCftt vICtor for each 60
,roup is unique. The MftIOI'I ift each ,... must be
matched. however they can difFer (rem odaer senIOr
pairs. Moreover. the cfw'lcte1'ilUc1 of each sealOr and
the array pometry can be arbi.,." Ifld n.... not be
known. Within each crouP. the __ pain can be 6S
IrTan,cd uno two subanays. X &ad Y, whicb ate identi·
cal cacept for a filted clisplac:ernlftc (cf. Fla. %). For
example. in order to simul~ty perform temporal
frequency and spatial anile estimacion. one ,roup of
sensor pairs would share a common spatial displace·
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AI illUlualed, accurale estimales of the DCA's are
Bru::Ef' OESCJUmON OF THE ORAWINOS ~ PunJIetaIore. ESPIUT hal several additional
FlO. 1 is a~ 000 of a problem of f..... wbicft ate eftWD.tated below.

diRcaol1~(....nv.J ciOa ia wbicb cwo sourc. are 1. ESPIUT &9pan co be very rooUlt to errors in est/·
PreMlat and ...__cored by a wee-eJemac array of S _rial the lZIiaimUIII eitavaJue at tbe covanance
JaIOtI. Au. II iI Ulo rotIuII CO tile DUlllenc:a1 propera. of the

FIO. 2 ilalftllPllic,., riara or a tiaIiIIr~ aIIOridlm lI&lICl CO ..... me,...,..a.d eipnval-
leas iD which the cwo ....... DOW ...... 011 • ...
array of SCDIOft &Min •• •• "ce witb the iaveaboD. 2. ESPIlrT cIoea DOC require me esa.uioa of tbe num-

FIO. 3 ila or die~.o- 10 - be!' t:Jl1CNI'C* prior CO source peneewr "'tlon as
mae. from a".ri d ill ICCOI'ClItDce with ia die MUSIC aJtoridIm. where III error ia the est!-
&be iayeftcioD iJa wIIicIl __ were ....... OD ... 0( die n__ of tOUtCIS c:an iayalidate the
• anay or _ tad dinctions-of· ,.......'.... Ia ICCOI'dIIIce wim the inven·
anival were Ue'. ll?I tioII. Uparr siIIuIkueouJly -a··c. che sIgnal

OETA11J!1) ~1CIUP110NOF THE I' .......... die .... o( ICM&fC&

DaAW'IMOS APPUCAnONS
AI iDdic:aId ....... 1M ....tin is diNcIed ac the ..".. ot dtatuploitoneor

.ci8IaIioIt or Clan._jAIl.1 I I • or received by __ oldie _ c I 01 ESPaIT. i.e.• its m-
an."." 01_ ce of 1IOite. The 10 IT,t'cMcy CO _y.....". low COIDpucatioDaJ load
problem c. '- "i1 Nmlll wiJII....-.....:e to FIO. 1 in 110 ... nquimMDII. Some of cblle are de-
which cwo (a, ... aU........ oa III array ~.

of three (rl. flo r,). k is _aed iD chis i!lus· 1. ~-AJriva1 &cilD.cion
traced e~ _ .-on lie in a (a) $peI:e AIr.II. .$pIce.U'IICWteI an rseeessanly
plaM: thus oaly cwo f. II '1 be ..lifted. che l' IiIIH weiIM. wry W1e .... cbawfon CaArly nexi·
aziII 01 eM ... Hetecofon. tech- bIe. Se&Il~ ce eaute tMlU'lIClUre to
niq such • MUll<: IIaw to ICCUrately CIICiIIaM for loaf periodI of c-. "'unl in a
estiaMe cbe DOA·. 01. twO howeYer the ...... wray cry wlliU is c_-varyiDl. Fur·
c~ot""__"'Icnow1I.wellu ~ it it y~ to c:omplaely
the overall array ,.,••a,. 1"biIle.dI Co uceedintlY 30 ...... ftIds .. Mfty u tMtlCliat up of. suit-
I lIeRie" , .... cbe Mft, _. be __ lIciIicy is ..~' OR eM odMr hand. the
caJibraUld IIIU',. ""y _,. cocpUc.UOft .. 01 --=JMd ,.,. 01 ..... doubleu whose
time ill r.be 01_....... dine.... c:a.udy~ by a IOW-cOSI

Ia acccn- 1M ..-c iftvatioa. anay JUl'oU'aClkiat fIf'YO NAIll iD toW ....ilivity to
(lD.IAifold) otJiIIl'lri•• is ill ISPIlIT u J' the &lobaI J'IOIDIIU'Y 01 die anay. Noce that signal
loftl u the anay iI CD 01 (JroupI of') macched copy can tci1I be perfONft. a IIlfteCioo which IS

sensor pairs shu'iq a~ displac:emel yeclor. of\en a 1Mia objec:civc of sucb wte .,.ceborne
This is illUlmted ill FIO. 2 ill which the cwo silftals (51 ........ ana,.. IDf~ a cOlUMlCCed ItnlCtUre for
and 52) are sensed by receiver"" (fl. r'l; rl. r'2; and r), the Mfty is noc required! R.adler. oaly a collection
(3). The oalyr~ or die array are that lbe .to o( .....tiveJy ..u .leDAI dodIecr it Meded. elCh
senson in each JMir an ofI'tet by die same vector as ,...ain, a ..-cncller or .u.~ beacon
indicated. aDd cbM cbe of IeIIIOr pain uceeds tneUr tor alipmnL Eue 01.,ao,...l. mainte·
the number of ..... n in chis example. nMCe. and Nt*r o(such d".IllUldanays can

This fipre iJl.....- GIlly a •••Ie Iroup; the uten· have lipitlaac COIl and .,....., benefits «(or
sion CO teveraJ scnaor pain with ., .....,... adel«tive unic _ be .......y crlllJported
a dilplac.....t~ lroaa the dilplKcment to a .,.ee rcaIioa or !Nek to die anb for repalr).
vectors of die .... (b) SonoINoys-Soaobuoys .... wod"",*, and seal'

The pert\I:lI IT 01_••.... is papJaically iJlus· ter IOIMwhac r_OIII.I)' 011 cbe ocean surface. The
traced in PlO., ,.•• II 11M r..,lll ola simula· curreal mechods 01 source Ioc:aIion require com·
tion perf.... $ I rpeciftcatioM of ES· 50 pleMlcftow....of the .... dUnenaioul,eometry
PAIT. ". ,'. I.t• .,..111111". atray with I do\&· o( tM deployed array. 'The cIetermiAaUon of the
bleu. The ..._ ..... .,....... werupac:ed array ftO'IlClry is both tllpeuiV. and undesIrable
a quaner 01 • • a II .$ IfII'l. ne arra, ....etry (SUICe ic involves acllve tranrmirlaoft dtus &leMIng
w ..,. I •• d, -na. the cIoIItlell on a unfrieftdly .......u!). V..... ESPlt.IT. vertIcal
line 10~ IIM che doultlec ues " alllnmenl of doubleu CUM achieve4 lISIftI.rav-
were &II paral'" co die Thne planar lAd weakly Ity as a reference. Honzoacal &liJNl'Cftt can be
correlated si,naJ waye(roall impin,ed on die array at obcaiMd via a smaJl servo aad a aunllture magnetic
an(Jes 20''. :2"...... willi SNa.a of 10. 13 and 16 db sensor (or even lilt III teOlIICic: spectral line radl-
relacive to che a44ieive IllIlftllNd noire ,,.....t at the ated (toftS a bal:on or die carpc iCMU). Within a
senson. The covarianc:e IlCimat. were compuced (rom to lew min_ aleer the ••'.)'1 an dropped,
100 snapshots of aca and seyeraJ simulation runs were 11.....1can be com......... accu.race .limates
made usin, indepndeat dMa reu. of DOA's__ayai!Ule. AI before. sipa1 copy

FlO. 3 shows. ploc of the OE·s obtained from 10 prOftlllilll is aIIo larible. Funtaennon. che sono-
independent trials. 1M chree small cirel. on the unit buoy array aeomelry can ierelf be decemuned
circle indicate tbe loc.cioN of the -tnae parameten and " shouW this be of inceresc.
the pluses are tbe estimates obtained Ulin, ESPRIT. (c) Towed Arrays-nae COMire of a set of hydro·
The OE's on the unit circle are closely clUltered and the phones pieced inside an acoutic:a1ly transparent
twO sources 2" apart are euily resolved. tube thac is towed well behind a ship or submanne
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The COIIIGIOIi profMal wfttI toWed arraya is r.bae the array of talOn. Thoup ...uy pacn.lizec1 to bJ.her
tube otca distorU rro. die ....d snipe line d1aIcftIioaal parameter sproceI. the discl.lllion and resulu
'1OIDettY due to oc:ea IlleS tow-Wp induced dU· prellllMed deal oaly 'Nidi siqJe dimaIJoaal parameter
t'l.U'baDc:.. Therefore. prior a.rny ca1ililrarion be· SI**- i.e.. azUDuch oaly direcUoa (!ndin, (OF) of far·
com. iDyabd. IJl die eew~ MY cnula· field poUle sources. FunDenDore. IW'TOwbaad si'" of
riouI~ ia die ...... iI of DO coue· Uowa frequency wijJ be auWlled. A OOAIDF
quace. Therefore by telective .. of doublea proll_ iI aarrowblad it Cbe MIIIOr a.rny
(wlloee Orieat&~11 caa be ~y te1IIlId) dIac are wicIda iI ...u cocapved to the iIIyene o( the trault
~y~~~ source DOA a.. oIa W&¥efronc &l:toII die array. The pura1ity of
..S~ cual1iU be alt. S ••d . . 10 tM"" •• c:oacapCI CD wbich ESPIUT is bued

(d) Mobile D~ ~ SitM& Copy A~bOII' ... die ....... to JipU ccmcaiaiD,lDuJtiple free
~ .... (.-cnIc. .,.. -- ) direcUoD .u._~ • diIcu8ed Iacer. Note chaeftDd., (Of)~~ - y~ tIDnp ~ sipals can aIIo be hudJed by decompolin,
and ca.,....... tplt.~I. SII ohM"..~- ebee _0 aanowbud sipal sell IIIiq comb fDem.
ods. ESPIUT CUI dnIriIIUy rwAce sacII rtq1IIN- I' C--"':~ ..a..... -I'
_a &lid sUD provide .....~ TIaia baa _. a ..- PInY - arbiavy JeOIMUY com·
PRIDe- • ...., ill .. Wit of !DO- ~~ IIIl11MCbecI..-cr doubIeu whoM el~cs are
bile co__c,li die of _ulca- C1Y. ..lly .,.,.~ by a Uown c:oruuae dISplace·
__ ..., iI __ -. -..... COD-- ~c '*'Of_.wa an ~O.1. TIIe .....ecUnc~r.
strIiIIa ... CtoII-faIk (un t sl~). 20 ~~.~ -"e aad~ ,...,.. polariza·
CWTefte cectuUqUII for UsCIIIJi•• die of QOft _¥It,. etC. , be~ for~ doublet
simulcueou uteri ........... of..... • IoaI • cite are I*J'W*. ideDhcaI. AJJuJe
rtcioa suc" • fre.-y. a.. .. CGde diYisioll there are d<1Il narrowbend SWlOll&t)' zero..taan
lIIultip1dinf .,.., fro. tile _ ........ iDe SOUfClII cea*-d ae f.......-cY ." UId located sum·
hetaI to tile ceU_ JaIlSl,1 UtilI dirtctioul 2' ~dy. fat f~ ~ amy sucb cbM ill~
_n.inscioll ( diviliolt .....'s••). ehe aoc,.c CtMI·,............. the wavefroeu lDIJ)UlIUll
___ of ....w 1M iacrsued CD - array .,. plMar. Additive Doite is prelae ac all
lipiftc.dy. ESJtIUT prow.. a ud rela. 1M 2 •~ .. is ..... to be a scaUoaary zero-
lively low CClI1 _ for .. eM sipal -- rudoat procell dial is 1IftCOn'c1accd from seasor
copy operMioa ..,.,.cion. 30 to.-or.
ne Pin Ii UI (JIoJt*Iy """'y) of die appro- IJl order co ellploic cbe tnIIIIatioaal iIIvariancc prop-
priMe ,_sn1iIed ....~ iI aU dII& is needed my 01 eM .... array. it iI COftvaitee 10 dtleribe the
ill COlUftJC to ...-.aally __ COIBINa proc:e· array u bciq~ of two ..."..", X and Y.
d_ req.... by prior _..... __• ill every J'eIIPIC! aJdloup pbysicaily displaced

2. Te...... F.....-cy ....."-'Then are many 35 (.tOe roused) from acb ocher by a kaown displacement
a~ iD radio ..........,..... identification veceor. The sipals receiyec1 ac the i'" doublet can then
of w-- s,... iact.... ..-.nU aul)'lis. ,eo- be ellpraNd U:

ph)'licl ..... eMcCi'OU:... ·nIP'.~ analyt·
icaJ cbealilu'y ftC........ a =-.,.......... contain·
ill, IutnDoIticI it....- ia additive noite. 40
ESPllIT prcMdeI (nqJluy p' s_ (rona suitably
SMIpIId a.. ...... at a Iu' IJ l.i.l" reduced level of
COllI'nlli. 0'lIer die "."i.....11 Ddt

J. Joilte DOA." .....y •. li.a Applications
such. Nliio acOftOllly _, die....cion of .,
clectiftltioft lad n -' 1OUrCeI alonl
W1th die fr...-.cY at __ ••111 speccral lines
emitted by thea Slt* jilDe' arise in puslve
sonar IIId Ilu. Iii, ...·M It .".il:aeions. As
previoulJy UPIUT""""ly imporunt ,.,
IdvafttIps ia ~ _timaClon
prob.....

Havin, cone die P 'Y at 1M inveneion and
applieatiotll, a IIIatIII_ic:aI cMlcripcion of the
invention isp~_ "

where s~.) is ehe k'" sipal (wavefrocn) .. recelvec1 at
sensor I (the reference sensor) of the X subarray. 8. is
ehe dJrection of arnva! of ehe k'~ source rel.liye 10 the
direcuOft of the IransJatiouJ d~eftt yeclor.
Cl,('t) is cbe response of the itA sensor of either subarray
relacl". to its respoftM ae MftIOr 1 of the SlIDe s\lbarray
when a siaIIe wavefroae ilnpill.es ae an an,le 8•. A IS

die .....udc of ebe dilplacemenl vector between Ihe
IWO Mftys. c is the spcccI ofpropaaleioft in the eransmls,
sioa lhedium. n•.<.) and n,.(.) arc lhe addieive noises II

the ......cs ill the i'" doublet for subarrays X and Y
PROBLEM FORMULAnON respcci~y.

The MIic problem ....... coasill.ralioft is that of COIIIItiain. the outpuu of each of lhe Jenson in the
acimatioft 01 ,.,...em of cSinaeftlional sllna! twO tuktrays, the received data yecton can be wnrten
pronusJ ,w. .., _,." II array of senson. 60 as follows:
~ ,....a pro" in _" differenc fields
includi,. tldio y "sia. IOnar sienal
pfOCCllJia" eteccrocUc .,.~ til..... SCfUCCUraJ ('Vibra·
tion) anaJyaii. eempor" r,.....y estimation. etc. [n
order to simplify the~ of the baic ideu be- 65
hind ESPRIT. ehe .... dilclllliocl is couched in
tenDS of ehe problem of muleiple source direction-of·
amyal (DOA) eseimaeion from data collected by an



(II)

(12)

(13)

(14)

)"".1-

"....... _.11..

Now COQIider the ID&trU pencil

..... Cu=R....-~.ul. 8y inspection. the colulM

.... of bodI ASA- and AS.·A· an idlfttic:a1. There­
r.... p(ASA· -."AS.-A-) w1l1 in ,enera! be equa.l to
d. However, if

(4)

(6)

(').

(9)

4,965,732

(10)

9
The vector s(t) is a d X I vector of impiDliD, sipab
(waveCroats) u otiMrved at the refemICC 5C1IIOf of
subltT'lY X. The awriJt • it • diqonaI d x d IllatrU of
the pbale delays becween the doublet sensors for the d
wavefroncs. lAd c:u be wnnea u:

10
where p(.) deDoca the nnk of the mauiJl ar,WDent.
AalWIWI, tJut die array 'eoaMUY is .uch dw there are
110 ambipities (It leuc o...er the u,wu interval where
SlpaJs are cxpecUld). the collUD.llS of the In X dmatru A

5 .... u-Iy i8depeadeat aDd beace P(A)-<i. AJIo. smce
S iI. dxd IDICriI aa4is~, P(S)-d. 11aere·
.... ~ASA·)-d. IDd co .-Iy ASA· wiD ....e
a-d t*'O .....val... Equi. t1y ASA-+cr2t will

Note that <II is I unitarY lIIMris (opauot) t1IaI ..... !lave .-d minimum eipD"'a.Iua a.IJ equal to (7'2. If
the IDUSW'C1DeDts from suMrNy X 10 tboIe ,...,....,. 10 {AI> AZ >... >A",} are the ordered eipnvaJues of Ru •
rlY Y. In the complel: tiekt, • ila simple scaliq opera. then
tor. However. it is iIoIIor•• '0 10 1M raJ two-dimn.
sional rotation operuor and iI ... ref'ernd to u a
rotation operator. Tbe ex d ..w A is the ditec1:ioD
lllauil whose col... (a('t). II-I, ... , d} .. &IN l' HeDce.
sipal direction vec:ton f« tile d wawlroaca.

The auto-eQvtriuce 01 tile ...najyed by lllburay 20
X is Ii...ea by:

where 5 is the d X d covariuaGe aaatrix or the sipalll(t), 2-'
I.e.•

and CTZ is the cowriuce of die additiye UCOIT"" the i'llrow of(l-d~IUI'II'·.)will becolDe zero. Thus,
white noise tbal iI,.-. II-.. Note dill (.>- is JO
used hereiJs 10 ............." , _;.pee. 01' CCIID­

plell conjupte U'IftIp..0,.".~" eM CI'C*-
co"ariMce becwen -.-.. tram ..."..,. X c:a..q....dy, tbe pencil (e... -yR..,) wilhlsodecrease
anc1 Y is pvea by: .. rIM CO d-I whenever ." ...... values liven by

3' (14). However, by clefuaition theM are esactly thelen-
(I). IfIIiIred eipD"a.Iues COEV's) ol the IDItrU pair

{C-a..,}. Aile. since bod'l matrices in die pair span the
This cOtnplet. tile ...... of tile ...., IIOiIe ... sllblpec:e. the OEV's cof'NlPOlldiac to the com-
model. and the ".1_ .. !lOW be tollows: 180ft null space or the two matrices wiJI be zero. i.e.. d

Given~. 1(.) ... 1<1" ud 110 .a OEV's lie on the wm circle and are equal to the aiago-
UlumptiODs 1M ...." ..,...", cbar· Ilal elements of the rotation matrix •. ana the remaining
acteriltics, DOA' 01' thui'" (w.ve· m-d (equal to che chmenslon of the common null
(rollt) correlatiort. .tUuM the sipal COA's. spKe) OEV's are at the orisin. This coml'letes the

proof of the theorem.
ROTATIONAL~~~~~ SUBSPACE .5 Once. is known. the OOA's e:atl be calculated from:

The baIic ida 1iIIIIiIMl_..., _Juliq_ is 10~t ' ••~ till { ...../~}. (16)

the rotaaioMl~ ",.. Ullderlyinl Iipal ..
spaces ..... by .. "' .,11IioltI1 iavariuc:e of the 0. CO erron in estianatin. Ru and R.y(rom finite data
selllOt ana,. l1Ie pro...idesabe Coun. 50 • well u errors introduced clurift. the sublelqlaCftt finite
daeion (or pr 1Ieteia. pnciIion computations. the relasioas in (9) and (II) WIll

Theorea: DIftM T • cbe pneralized eipn...aJuc noc be euc:t11' saaisraed. At dlis point. a procedure IS

matrilllUOCiMtld widl -...u pencil {CR.v-),,,,,,,O. pfOt)OMd wluch is noe ,lobaJly optilftal. bue utilizes
R.,} w......~ is the (repaaed) ei,enva.l. tome well established. stepwise-opumal techniques to
of R.u. Then. if S is IIOftIinpJar. ehe IDItrices • and T 5' deal \Vim such issues.
are related by SUBSPACE R.OTATION ALOOIlITHM (ESPRIT)

The Itey stepl o( the all0rithm are:
I. Find the auto· and crou-co...ariance matrix estimates

60 l.u and l., rrom the data. • •
2. Compute the ei,en-decomposition o( R.u and R.yand

to wit.hin a permlHMiaa 0( tJ'Ie elemlftts of.. then estimate the number o( sources d and the noiK
Proor: Fint it is shown thaa ASA· is rank d and R..u ...ariance 6".

hu a multiplicity (m -d) of ei,envalves an equal to 17'2. 3. Compute rank Ii approltimations to ASA· and
From linear al.ebra. " AS.-A- Jiyen (rz.

.4. The d OEV's or the estimates of ASA· and AS.·A •
that lie close to the unit circle determine the subspace
rotation operator. and hence. the OOA's.



(20)

(21)

u

.u.-...·.f 1.~:
1.1

wbere; fer. t2•... , e",} are the e:i,.,,~ec:tors COrte-
spa co tile ordeqd eilellvaJucs of R,u.

S y. liVeD i.e, aDd d. the aw.imWll likelihood-a_. AM-A- is the cnuunW11 F·Qorm ran.k d ap-
10 pI'Cl ti 1ioe of i.e,

(\7)
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Details of the a1toridIID lie DOW diIcuIed·

CovviMce Fsj••QoIa

IJ2 ord.r to .'i II die r~lIir" covariaDces. obIer­
vaDoas I(lj) aDd y(Cj) .... __ Ii Ite required.
Note CUe tile ....1.,. _ __ .Ped Iiau1ta-
aeouaJy. !be IIIUiIInIa Uk..... .t •• <.',a.,
DO IUlderlyUtl dara 1DOdel) of eM aueo- aDd c:rau­
covanaace matrices are thea liveD by

."tDLOr) •

IS wbIn. {i,..,>ltl7>... >~.17} uc1 {i,.llY. er'.... ,
i ...I7} en .....valu. aDd the correspondin, ei,en-
vectOft alit.,.. . .,

The number of mapeiIlMI, N....... I« .. 8dequate AI~ ..,lier. the iraformatlon in R.c.c and R.ry
estimate of the covariuce~ depe8ds upoa die can __ jailldy apioitec1 to improve the estimates of the
sipal-to-noile ratio u die array cbe deIind ZO ......,... IIIfltpIc:e ud therefore of the atimates of
ac:c:l&tacy of tbe OOA..... Ie tbt oheM,. ASA- ~ AS.-A - .. In situations where the array p.
N >d is rtquind in order co cutdl) II, IPIIl die.... 01DCUT (I.e.• the manifold Oft which the columns of A
sllblpec:a In the prtlftCt aI ..... it ... __ ..... lie) is ~WIl. these estimates can be further improved.
that N lDust be at lellt a Z. T,,-.aI,. if die SNIt. is 2' HI". M& ~nued here Since no Iulowledae of the
known. N is ChOseD such &hat the Probtaiul DOnl of the . array.-.uY IS Illumed.
perturbations in }\ is 30 db below the covariaDce malnx Estimatin, Directions of AmvII

norm. T1ae of the OOA's DOW follow by comput-
EstimatiDl d .. r iat • GIIV's of the matru pair ASA- and

. ., . JO AM-A-, "nIiI isa sinlulat ,eneralized ei,en-problem
Due to erron In ~. Its es.......~~~urtMd __ caN diu the replar cue to obtain

fr~ thett. true values aad tbe U'lIe ~apbc:lty o( the ,al.tI.. of the GEV's Note that since the sub-
IDiaimaI ell.value ~y DOC --~ ~ popu.Iar .-." .Id by the two ID&lris estirnata cannot be
app~~ r~r dece~ die .1I~ft,... cllpectld co be identic&l. the m-d noise OEV's will not
mulupllcltY IS an \Ilfo".... dJ 0 on 3' be zero. Furthermore. the Sllftal GEV's will noe lie
the aUniaUID descripcioa (MDL) c:riterica The cued)' oa die unit circle. In practice. d OEV's Will lie
esWDale of the number of eI illivea by the value claM to tbe unit circle and the remainUlI m- d G EV's
of k for which the foUowiq MOL functioa is JIliai- well ....ud close to clle anpn. The d values ncar the
mized: 1liiie ciIdI 1ft the ..red estimltes of .u. The &tlu-

.0 oI y now be used in coajunc:uon with (16)
(\I) to o( me source direcuOQS. This con-

cludll cIeWIed dilnlaioD of the aJaonthm.

Total Last·Squares AJcemati"e Embodiment

The pt'OCeIIia. of sipallllCUuremenu to identify the
nwnoer of IOUfees and arimate par:uneten thereof as
llbove relies on • leasl squares of deviation

'. ., in compuu... me ei,envalues. Tora! least·
where At are~ ....".. '!'a..~MDL~n rnS) .. the ... of another aAlOrithm which
IS knOWll ~ yield ..,... tIy alllllteDt esamaUlS. '" repnMftll an .ltension of and an im,rovell\Cftt to the
Note that SUlCI ~",,"e leul-~uatesa1.oriduD. and will be dac:nbed later.
(of dilDelllioft ell. a d' exploits this
underlyin.... will yield SOME REMARKS

Havinl obtained all ofcI.~..umum likeli- Earimacion of the Number of Sipals
hood estimaee of cr: coaditioMcl on eI is JiVeD by the " ., .
Ivera,e of the smallest m-d ei....vaI.. i.e. [n the aIIonthm .dewled above. In esumace of the

• number of sources d IS obwned as one of the first steps
in the a1lorithm. This esumate is then used In subse·

(\9) quent s&e1'I as the rank of the approXoimations to CO"";·

60 &nee matrices. This approach has the disaOvantaae that
an enor (particularly underestimation) in detemunina d
may NMIlt ill severe biaIcs in the final OOA estimates.
"...." u••tilM&Or for crZCUI be found which is
~""'t of d (e.,•• a-z• ~ min). estimation of d and
the DOA's can be perf'onned simultaneously. Simula­
tion r.ults have shown that the estimates of. have low
sensitivity to etTon 1ft estimatina (7'2. This implies that
the rank d estimates of ASA - and AS.-A· can be

ESTIMATING ASA- AND As-t-A-

Usin, the results from the preWMal seep. and makin,
no aiwmpuons about the uny potDeU')I. the muinuun 65
likelihood _timare C.c.c of ASA-. coadicioned on d and
0-2, is the muimum Frobenius norm (F-nonn) rank d
IpproXoimation of Ru - 0-11. i.e.,



Since the column space of the pencil .-.5(1- y/¢ tA' IS

same IS the subspace spanned by the \,ectors \:1...;=::', :t
follows that Ii is onbol0llal to all direction vectors.
eK'pt.,. AIIIlIlUft' for now that the sources are ur.cor·
relal., i.e..

c~, .....st0•.•••0..,·,..0....
.011'••"":'.'·'i)__I.)( G,.

mulliplyin, Cu bye, yields the desIred result:

where ua(1.0.0•.•••0lT.

The result can be normaiized eo make the response Jt
sentor I equal to unity. yteldinl:

4,965,732
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dis,...,., wid! .d die GEV's COGIputed dU'ectly from
tbe lDaaU pair {lu-c;.zt.A..,.}. 1"his reswu ill tile Deed
to clauify lbe OEV's .. either source or nOIse related
wluch is a fuDction of their I'ro~ty to the W1It circle.
This ability to simwWMlOlllly .limate d ano lIM puam­
eten of interelt is aaor.IMr edvuralc of £SPIlT over
MUSIC.

14
the directional response of each elemeDt m any doublet
i5 the same. and me phue cWTerence observed between
the elements of any doublet depends only on the UI·

lIlutJla1 DCA. The MUSIC aJ,oritluD. 011 tbe other
baDd, c:aa (Jenerally) 4etel'll'liDe ui.lDuUl and elevation
WlUaOUt ambi,wty pvet'1 this leometr'Y SIDc:e mowl·
ed.. of the directioll&1 sensitivtties of tbe mdivtdual
NaIlOr elements is assumed.

ExtensioIU to Mwtiple Dimensioas Other doublet related ambilwties can also anse If the
TIle discussion IUdIeno lIM couid.ed oaly siDlle 10 MftIOf Sl'AClnl within the doubletS is latler than ;\12. [n

dimealiOlW parameter ....CIOIl. Oftu. the Iipaj this CMe. ambiauities are lenerated at angles &rCSIn
parameterization is of 1U,bet' dimensIon as in OF prob- (A.(~%ft1l')l1"A}.11-0. 1•...• a manifestation of
lema where azimuth. elevaticMl. and temporal frequetlcy ......, .. IIId die aJiaaia, phenomenon.
mutt be esumated. In ..-ce. to extend ESPIUT to UPaJT ia alto .. to u. subarray ambipities u.su-
eeti.....ultidilDenaioaal patameter vectors..-un· I' aJJy clMlified in tenDS of rll1t-order. second-order, and
mea.. a. be lUde by lIftys~ cbe tIIitt hiper order ..biJUities of the atTaY awufold. For
invariult strUcture in the ."ropn..c. diaMlaaiDL For eu.p6e. IICG. Oftter. or ruk 1 ..bi,wtles occur
example. co-<lirectioul II:IIIOr doubletS ue IIMd to a u..r combiftarion of twO elements from the
estilllate DCA's in a plane (e·I·, azimuth) con__, the , .'i'old __ oa the ftW'lifoid. resultin, in an
dou06It .eI. £levatian•• is unobservable with weh %0 u.IIiIity to dis"-b between the respoftSe dwt to two
aft anay .. a direct cCii_quace of the rowioMl .ym. -.. .... a dWd sourc. whose array response is a
metry about the r.ferenc. ~irectiondefined ttr tM dou· \Wilt" d .. 01 eM responses of the rtnt two. These
blet ues (d. cones of amblplty). If both uunMJI end ........ -.0.. themselves in the same I'IWlfter as
elevation estimates are required. another pair of --. ia WU:lJC where tMy brinl about a collapse of the
rays (i.~. anot~er poup, "..r.oly ortbOlonaJ to the 2' ..... ...-,..c. diaMIuionaJity.
rUII .....>seftl1tJve to .levauon anile IS nee...".. Qeo. PiIIIlIty. it sbould be DOted that the doublet related
lMUia1Jy. thiI provideslA indepeftdllftt set of CODa. ."'itiel "...t in ESPRIT do noe cauN any real
and tM in~nec:tioas of the two sees of COnti~ tbe diIIcukieI ill ptICSice. Indeed. it is preciteJy such ambi·
d__ .CIUIIIaMI. Note. that the pane,"er~ ....&bat allow ESKIT to separately solve the prob-
('·1.• azamltth and elevaUOft) can be ca1C\lJatld tnd.,... 30 lem in each dimension.
dently. 'This r.u1u in lIM computational 10Id ill ES-
PRIT ,rowin,linearly with the dim.asion oCtM sipal AlUlAY RESPONSE ESTIMATIO~' A~D
l'aralMcer vector, whereas in MUSIC it~ up<)- SIONAL COpy
nentiatly. n..r- are pII'I8IIetS other than OOA's &rid tem·

If the sipaJs unpin,in. on the array are not 1nOft00 J' porN C'nq~ tbat ue often of interest In array pro·
chlcHDeuc.but ate coapolld of sums of ciJoids of rued ~ ptotllctu. EJtNaliOftl of ESPRIT to pro\lce
frequena.. ESPIUT caa also ftCUDale thef~ such ....t. an desc:ribed below. ESPRIT C&rI .uso
Tbis requites t..,oral (Oou~let) ~j)l. wbic:1II taft be be .aly extended to solve the SllftaJ copy problem. ,)
obLaJMci for eAUlple. by add""a wufonn 1appIIIl delay problem "'bicb is of panicular mlerese In commUnlc,)·
h. (p.1 tapS) btbiad acb sensor. The freq..... 40 lions applicauoas.
estUutes are obtained (i dent of the DOA .ti- .
mates) from the IDp x.p co- and crou-coVlriance EaitMtion or Array Response (Direction) Vecto~

lMtMeI or two (re_lIl.rll)') displacClid da~ ... (corte· Let ... be the .....,.uea ei,en\'ector (OEV) COrTe·
spondin'lO ,ubanays 1ft tile ~tiaJ donwn). 11M fim spondin, to the pmeralized ei,envalue COE) "I, By
set X conCAlns "'P ..,..otMained froln tapS I to P tap' ~, definition. e, satisfies the relation
In each or the an delay .. ,-,ind the sensors. The set
Y is a deJa,. ~enioA or X and UIft raps %to p+ I in
each of the III 4elay Iiaa ".GE', obtained froa these
daaa ....... dw __ frequencies. S'ote that in
time domain spectral ........,n. ESPIUT is only appli. ~
c:abie for ...... ,....em of sums of (complu)
exponentials. AI _&ioMd pre\'io\Ally. wiclebuld SI,­
nals can be handled by Proceuinl selected frequency
componenu obuiMd v1a frequenc)' selective nafTOw­
band (comb) rlhers.

AfTay Ambi,ultles

Array ambiguities are discussed below in the conlext
of OOA estimation. but can be e.ltenQed to other prob-
lems IS well. 60

Ambi,ulties in ESPIUT &rUe from two sources.
First. ESPRIT inherits the ambi,uity stNclure of a
sin lie doublet. ind.plftdetat of the Ilobal lcometry of
the afTay. Any distribution of co-directional doublets
contains a symmetry uis. the doublet axis. E\'en thou,h 6'
the individual sensor elements may have directiVity
patlems whIch are functions of the an,le In th. oeher
dimension (e.g .. ele\,atlon), (or a gIven elevation anile
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I) I)

dj)

Coil.... Sovces

TIle ....1_ '_1IIIIioa discUlled so (ar _IDeC

If. -..s.XZ'''' •.
It,. • .4411''''.\'2'"''' ~

Now coa.lder the IllllrU penc:iJ

and

It is eM)' to show that (or a dearee two coherency
model.

16
lems. III _ -=ion. IDOn paeta1 mociels for the ele·
lDeIlt, 1i1Ui. lAd Iloile cbanccerisUcs ite diacuaed.

CorreJar.ed Noise

[a .. CIMI wbeD lie llMIicWellOile ill correJacecl (i.e..
nol~"" to rl), ."iIoIrjont are~. If
the Daile auto- IDd CfC*oCOYuiaac:eI for tile X lAd Y
sUOenaytlle UoW1l 10 ""dUD, scalar•• solunon to the
probilm is available. Let Q... IIld Q., be the 1I0nna1ized

10 auto- .....~ IIIaU'iceI of the additive
Daile at lie ..-mY' X IIId Y. Theft.

" WMN~) ia die .....IIID OEV (multiplicity
111-4) til pair <1-. Qu). We can also rind

(26)
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(21)

15

./.tl.·1f.u - 1c....j.

EaUmaIioa of Source Powen

AJlWDia, dlat lie .. lid array relJIOUC vectors
have beetI DO""'" .. dtIcriOed aDove (i.e.. UDity
response .t seuor 1), lie source powen follow from
(24):

Note cb.Ic c.-. .ciaaate aN Oldy valid if MaIOt 1 is
olDDi~ i.e•• bII die _ ItiIpOIIIe to a liven
source iA .u direcUoaa. If dIiI is 81M ttae cae. die ari·
ma_ will be ill error.

EIti&DatioD of ArrtIt a••••try

T1Ie un)' ,...uy '*' be ro.d froIIl <At} by
sol~ a .. oC liMIt ,... ...... aumber .....·A·.A.-A..(~. (301

of cIirecQoo vect.Oft II 10 ttae aumber 0( 10 '. . . .
d....... of rreectom iA tile _ ......,.". If zaote ..... ~("(1II,J1I11i1111i11r1y deftaed. At this point.
vectors In a¥8i1ablc. at fit ca be lIMd. 1M~P~ • ":'br~ with the OE's of the
Note tbat multiple rtIilIUirecl- order to -- ,.. (ASA .AMt'A ) )"Ieldin, the claired reo
solve (or the at'l'"Iy po...., b' ach diIDenIion lUllS.
iA spICe about wbi.ch ....,. ,ft iId'OrauIdoIl is 15
reqWred. III ctirectioo \WItM lie , ..,.. However. in
order to oMaia at__ of vec&on. ItO
IDOte "111-1 SOWCIIClIa lie durinl-y ODe ~ (or ~) ..-cea .~ fully c:orrtIaced

. Th h .-. r. . . willa 'nil ......tiII 1ft the cievelopment
expeZUDellt. us t e 11_ lot' --"1"- eltpenmenCi IS 30 till 1M ' CO tbiI point. ES'IUT relies on the
manil'est. ......., .. .. y'" 0( 'Y for wlUctl the pencil$'" Copy (SC) (AlAe_","".A,e) __ in rank from d to d-1

sa,.. copy refetllO 1M .......... coaabiulioa or the ....... ,.. is, Iaowcver. U'UC only when

MIltOr -.rem.... lUCIldilt .. oucput cem" the ~.-1.u..A.J.~S(/-"')).jI(/-"').
d_ed Iipal while c:........" re;.tin,1he ocher d -1 JS
si~ FI'OGI (22). e; ia 0ft:II'•••1i to all ~vef'ront n. ill. ,o-rt) ruber that P(S) c1eteraaines p(A.
dtrectlOll Yecton eacapt lie i'6...-froec. UId II there· SAe_..,~eAe). l1Iis ill him is sacisfled only when S
fore the delitecl weicht veeIOt fOr IIipaI copy of che jill ia ....... cia........ fully coberenl sources.
sipaJ.. Note that this is true ev.. tor comiaMd Iipa1s. 40 -....rr CIa be .-.&Ded to handle lhis situation
[f. WUt response to lbe claired IOUICe is required. once --=ept of ..... slDOOthin,. Consider I SI,-.,u the Ulumprion of a ............ II -.or 1 to uI t wheft lOW'Ces of dqr.. tWO coher·
thIS source becoID••1. ",. TIle weipa vector is .., (La.. fully c6beNet IfOIlPS contain II IDOIt twO
now a sc:a1ed version 01 ..... .... che COftlUut a;-. ....) an~. Assume chat the lIfty is now
w,sc - 1 can be ShOWD to be 'S If til Criplet (1'IdIer than c10ublelS \IMd earlier)

__ cMIen. LAc die cotreSJliCftdin, subarrays be

11'1) refInId 10 • X. Y led Z. AuulDlt. II before. that ele·
_ ..... c.....matched anel all clusters h....e
• i••,,, (b:al) ,...ery. let .;n and .xz be the

SO rOIIIWa.,....on wit" nspect to sllbarray X (or subar·
In the pteMIIQI tiloon often aNa in rart Y~ Z~y.

situatiOft$ where iI..-c. il is UIeful to com. o.a.iq the COVIN8CeI Ru.R."..Ra.R..,.. and R.c: In

bine the inCo""" ia die YWiouI wavefroata (paW). the 1lIUIID&IUIef, we ItOte that
This leads to • znuiatum lilcelihood (Nl) bearn(onner
which is liven by: "

[n the absence of naile. It...-Cu and wI'L_w,sC.
Similarly. optimum weipt vectors for other types o( 60
beam(onaen can be d........

SOME GENEJlAUZAnONS OF THE
MEASUREMENT MODEL

Tbou,h the previous 'dilc:UIdioeI have been restricted is
to specific models (or the senaon elemenu .nd noise
characteristics, ESPRIT can be .eneralized in a
slrai,htforw.rd m.nner to handle a lar,er clUl of prob-



(31)

(39)

x • ~11),.a(tz), ...• .a(INt~

Y - (y(tl). y(tz), ...• y(1,.,.)j.

Y - (J.,1.,vw.

x - (Jllz"".

x -.,.r - <Uxl.r - .,.(;,%""".

18
(OSVD) of data mauices and is briefly described be·
low.

Let X II1d Y be m x N dati matrices conta.ining :-J
simultaneous snapshou x(t) II1d y(t) respecuve!y;

ObWnill, the silna! sUbspaee estimate Sz-span Ez
where

10 The OSYD of the matrix pair (X. Y) is given by:

(35)

4,96',132
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Therefore. tile rut of die seoocbed wavefroae cov"';.
II1ce maIN .... .,..~. Hftce. (1-") oac:e
aplll coouoll raM of die~ peac:il ill (34), ud
the OE's oCtile pair {C.u+c.Jt,,+Il,,} deIerIIiIIe eM
DOA's, Funber, (or arbiuvy __ o( cobereDcy it
caD be shown dut the IIIIiDbel' of e1eIIleats lMeded in a
dusler is equa.l to the de.,.. of coherence plus one.

~cclMd Doublea

TIle requir.- Cor die ••_ to be pairwUe
maccbed iJI pin aad pUle r (as I_ ill tile dj.

reecioas froID wbicb tile wawfrotlCl are apected) can
be re1ued • sbowa below. l'

1. UDilOI"m MilmMcll-TIIe~e ofpUwile w Ur_ U.,.. elM .XIII IIIIiwy meaic. eon-
maccbiD. oC doubleca c:u be""" 10 _., die NIa. ........Il••d ....~ (LOSV's),
bve rtIPOIIIe o( cbe ..-on 10 be .uf'orm (Cor .y JiV4nl 1,,_I!,1te • X N..NCUIIf\IIII~e~t have
cIinctioa) ae all c:toub..... 'nil reW:ive~, bow· UN ewry..... ucepc 011 die IDIUl diaIOfta1
ever, can clwlp wieb cIinccioG. Lee A daoIe dM di. 20 (w ~~.. 1M~ _,War val·
rection maIN for suburay X. T1lea the dinction IDa· ues), aDd.V II a aYIIN-. . .
triJt for sllbarray Y Call theD be writtn u AO. where; AtIunI.n. for a t that there II no addltlve

nois&. both X lAd Y will be rank d. Now consider the
peacil()6)

25
aDd {a;} are ehe reJative i ., I •• for cbe dolabJet Jeft.

lOtI ill died......... kit.......cae.~
~ of die __ "* {c..a.,} willaow be SGi1at to previous diJc:usaiolU. whenever 1 ••ii, mas.ue:;.,,......•• 08"1.._ .... tie 011 tIM .wt pencil will GecfeIIe in rank from d to d-l. Now eon·
circle. Udle ,.... (Old it reIl. eM OE's 30 sider cae same paci1 written ill terms of its OSVO:
elm- oaly I'IIIIIiIUJ SiMe it it the
ar..... e.m- .t 01', wbida it relasect to
tIM DOA'.. chiI nIiIIIl,. ·.i'••..,.. oUr ita 10
far _ die .t II $.\'" .• die ...... of sipaIa
a,,'" ( ot .. cirde ott is DO J5
10ft"d). OIl tbI odlIr I'eIMive P'-t cwponae This peuc:il willlOO1C rank wheDever 1 is aD ei.nvalue
wiJI rowe abe oa" r ill 1iDO biu of (Ix-1U....UrIr). nerefore the desired \I)" are the
that can be elinlinated OIIIy it .. reiacive ail- eipftvalues of the product Ix-IU....UrIr. However.
IIIMeta it kaowa. AI. .. IF .,1. oC IUCb .. amy of .c froe the IInderlY'iaI ...1 in (I) lAd (2). i~ can.be
lIIt1t••1CtIed doub.... Cllth'. X and Y subunys shown that in the abseDce of noise 11'- I r. In whIch
which are ide.... .,.. taeb """'y but are mis· cue .;i are also the ei.envaiues of U....U y.
mateW ---...,.. In presence of additive white sensor nOlle. we can

2. R_d.. Gaia Irroa-... pncUce. Jeft. show that u)'lllpCOCic:ally (i.e.• for IaIJe N) the OSVO
SOl' ... ad .., _ IuJowD e.uccJy and .5 of tAe dati lII&erices converps to tbe OSVO obwned
pairwWedoaOlec WJWiqtJle ill the ftOiIelels cue except that Ix and Iy are aUI'
model USUtDptiont UI 1SfttT. However, tIChftiques mented by cr%I. Therefore. the LOSV matrices In the
are avUable cbal""t ,.. sipalmodtl to preMftce of noile are asymptotically ecru! to Ux and
ideftcif'y abe 111 -.or dati. U r eomputed in the absence of noise, a.od the earlier
This it ita =:~ of 1M UTI)' whete ~ reslilt is still applicable.
dasa ".. • lew ~q"'" to ideatify pin To sullUlW'ize. when liven dati instead ofcovanance
and ......... ,., B ..-. 1"IIe __tel 10 obtaiDcd matrices. ESPIlIT can opente directly Oil the data by
are tbe .. 10 =.." - .... daIJbIetL fint formin. the dati matrices X and Y from the arTay

meuur..... T1Iea. abe two LOSV matriees Ux and
A OIN'laALI..1VD APPROACH " Urare compulCd. The desired .,;are then computed &oS

The o( I I ~PlUTp,..ted the ei.envalues of tlte producr U Ur. Eatilnares for
in eM prn'iouI u,oa eM esti· o&ber model panIIMlW'S as discussed previously can be
mation of rhe auto- an4 erotl-COYU"iaDc:es or the s....• computed in a Jimbt 1It8MCr.
ray - cI-.~, liMe 1M buic step in the The step of sipal meuurement can include. OSVD
allQrithm recruir." OE's or a siquiar 60 of data nwriees • (ollows:
IIIICria ,., it is ..tIN 10 _wid .... covariance (orminl the maui.l Z (rom the available measure.
IIIatriota. cboolial 10 .,.,... diteetly Oil the ...... CQIIIPUIiJII the .eneralizecl siqulac vaiue de-
cI-. ....fica--..., die NIUJ1iq reduc:· CCMaPQlition (OSVD) o( {Z.,I"••},
t*, iIIlMUU coM MIll lMac aIIo ia tM pocen.
tlal for a recuni". to of tbe solutio.. (_ op- 6S
poled to the block·recuni",. uture oC eipndec:omposi.
lion of sample covariance maerices). This approach
leads ro a Icneralized sllliular vaiue decomposition
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compUUDg the siDgu1&r value decompalicioD (5VD) of

20
Gas saewy span{Ez}-q)&D{A}· FurtDmDore. the
iDvariuc:e stl'\lCtlU'e of the array implia span{Ex} _.
s,.{E,}• .,.{A}. ThUl. tbcre emu I Qoasanpat T
sucb tbM Ex-AT ad E,...A~T. Since Ex UJd Er

~ sbare I~ Co1WIID splICe. P«(Exl Eri)-d wlUch
imp. chen eUu I IIWtiJt 1.(4). (2lixd such that

(41)

(41)

(4')

(£,rIEri ~~ • E,rE'x~ + ErE'fl,

• ArE/' + A.n'{' • o.
10

(43)

(J • ((J,riVrl. 1 • diaI{'., .... CP'26'). Y. ["a YnJ"72' Y", DefttIiIII w- -E.rfdl{Ep(4»)-I. eqution (10) caa be
reunapcI to y1e1d

eMu"'" the eipavalu. of ...-~-Vn:Vn-'), l'
aDd ....... die sipI1,.,..••• ' ••r- 1(it}.

1'1Ie bIIic idIa beIdnd aPItIl' II tile ,...
ao.i iDvarilnte 0( die .d .'iL; "''''11''. Aw i •• A to be fW1 ran&.
iDdUClld by die tIUIl......IM' • 01_ II8IOf
anay • ill tile rollowWll~ or die TLS 10
ESPIJtT covarilnce alpidla

TLS ESPJUT' Covlriuce AJlDridull SuaIDIry

1. 0bUiD an (unconstrained) esciIDate of Rzz. deDoced Therefore. the eiaenvalIMS of 1/1 must be equal to the
~zz. from the measurementS Z. 15 diqouJ daNnts of~ and the eipaVectOft of .. equal

2. c;ompute the generalized eipa-decompolition of T. lbiI is the key relatiolllbip in the development of
{Rzz,.t~} TLS ESPkrT.

l ww. .. co...... aMria is -;='. ( _.
ue·l.,&A. (.1) ...,...Z..,..<Ez) is.-inteofSz.Tbit....

3. If necessary, atimate the Ilumber of sourer. d. 30 ~"'l~" till:'~lx~{Er}. lad the
... Obr.ain the sip&! subspace ettiIIIate !Z-!f'an{Ez} riPc...........,eq_IOII~by• ..uuof

and decompose it into two s..-,.ea wbere enon~ FrobniuI DOI'IIl (I.e., lIOII1 '-oIql&Ued
enor) • CO be .;...... AppeIIdia,' IICIIdriviality
ce "'1U'.11iD'" ,. the JerO 10haUon

(42) 35 .,... stUdItd LilInMIe _ ... (d.• (I}).
. E~ by die ei...weton COIl'NSI""'din. CO the d

.......val.. olB,.,.Exr. ne "-val_ of '"
~ taa die _ .. E<-'l Itt ...... of the

S. Compute the ei,endee:cHftPCllibon (>., >... >~~" of d.............. of •.
.c) Note tMI repeahld rooa ill the tel of d .... GEs

poll_ problem hen. A _ ofd 0ftIl0a0I-.II vecton IS

........ since E.no-En is I H_iliu poIitive
( )dIfinice matN. fu~ ~ are
DOC ind. Sdlur veclOft can be which

4' is 'QUI siace _pelUDI tor Gbc••i., Schur
VecUll'l aaibk .,..ttr • ....neal stability tMD lboIe for
••;., eipftvee:tors.and partition E into ci Xci submame..

6. Calculate the -a-yal- 01.--EIZEu - I

(44) T.... LaM·SqttIreI (TLS) (iSVD ESPRIT
50 r• ...., Ulltaaea it is pre(trable to attOid ain, co·v.,...._rice. and i-.d to operate diNctJy on the

dilL IeMftts accnae &olD the NIUltin. NGuctlon In

mauu conditIOn ftUlllbers. This appro8dJ l.-s to a
55 .......... _.ular vakae decompoli&ioa (GSVO) of

i ••~~-EuEu-l),VAr.l.... ~ (4') dar.a..nc.. The GSVO venion of ESPRrT is ob·
o • tIiMd by _,Iy rt1'faain' all the ei......positions

7. estimate the si,nal petUDeten usin, 'Ar_r-1(••). willa die OSVDs eseept ror the final ei,...secomPOSI'
For DOA anmatlon. tioft of "'.

i ••• -I{eatlti.)I(_I}. (46) 60 m:.-:-'~.,::,:- TLS ESPRIT OSVD al,o-

The alllQrithm is bMId Oft the roltowitl. results for Co wich.tlw COVIriuce .1D&t~ indicates
lhe case in which the covariaace of the ••_ .....u cUt OSVD VCIIIIOfl of ESPIUT II otMaiMd by sun·
Rzz- ASA· + (7'ZI~ is &illUDed known. From the prop. ply ei,.s._poIitiolll. w1~ tM IMOCiated
enll:s of lhe generalized eipndecompolitioa (1], and " OSVDs. Thoup tile OSVD alaonthm IS cMlcnbed for
lIIumin, d~ml2. the m-d smallest .eneraliud eiJen. the TLS approach. the same philosophy can be used to
values (GEs) ue eqUil to (7'2 and lhe d pneraUzed obuiD I OSVD venion of the standard ESPRIT co·
eigenvecton (GEVs) correspondin. to the d Wiest variance al,onthm.


